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sponding media components. The quantities K,p, K$, Kt$ (a, f3 = 1, 2) arethen 
the dielectric permeabilities of the material in the corresponding components of the me- 

dium. The model homogeneous anisotropic medium corresponding to the structure is 

governed by the law (5.5) where KI1, K,,, K,, are the dielectric permeabilities of the 

matrix material. If the coupling media (or only some of them) are isotropic, then all our 

results remain valid. We need only set K1, = 0, KI1 = K,, = K for each corresponding 

domain. 
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An approximation of the homogeneity of a linear combination of the stressesand 

strains o + be = const is proposed to evaluate the correlation functions of the 
elastic field of micro-inhomogeneous media. This approximation is a generalis- 
ation of the Voigt and Reuss hypotheses according to which the strains e and the 
stresses o are considered homogeneous, respectively. Independence of the spatial 
fluctuations of the volume and shear components of the elastic field holds within 
the scope of the approximation made. It is shown that the proposed relationship 

is satisfied exactly for laminar materials, but approximately for fibrous and gran- 
ular materials. An explicit form is found for the tensor b in the singular appro- 

ximation of random function theory under the assumption of isotropy of the pro- 
perties of each of the fibrous and granular material phases and the correlation 
functions and stress and strain fields dispersions are calculated. It is shown that 

in this approximation the coordinate and tensor dependences of the correlation 
functions of the stress and strain fields are separated. An analogous computation 
is performed for multiphase polycrystals in the correlation approximation accord- 
ing to which correlation functions of elastic moduli of not higher than the second 

order are taken into account. In this approximation, the coordinate and tensor 
dependences of the correlation functions of the elastic field do not separate. Con- 
ditions are found under which the correlation approximation results in independ- 
ence of the volume and shear components of the elastic field fluctuations. 

The exact computation of the stress and strain fields is a complex problem for 

the deformation of micro-inhomogeneous media (composite materials, single- 
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and multiphase polycrystals, etc. ) . The difficulty is due to the need to take 
account of the interaction between all the inhomogeneity elements, which redu- 

ces to evaluating multiple integrals of certain functions including multipoint 
correlation or structural functions. To overcome this difficulty we can use dif- 
ferent approximate methods. The simplest were proposed by Voigt [1] and Reuss 

[2] in connection with the problem of evaluating the effective elastic moduli 
of polycrystals. According to these hypotheses, it is assumed that homogeneity 
of the stresses (Reuss approximation) o == c.0) -= const , or the strains (Voigt ap- 
proximation) E = (e> == const holds. The angular brackets here denote the sta- 
tistical average over the ensemble of monotypic situations, and o and a are 
second rank tensors. 

The authors [3] proposed a singular approximation of the renormalization me- 

thod equivalent to the hypothesis [4] of strong isotropy. In this approximation 
only the singular components of the second derivatives of the Green’s tensor of 

the equilibrium equation are taken into account, which means “spreading” ofthe 
elastic field over the grain of the inhomogeneity. On the other hand, the appro- 
ximation of the homogeneous field within the phase limits is fundamental in the 
variational method of evaluating the effective elastic moduli. Such an approach 

is taken implicitly in the self-consistency method [S]. 

1, Let us generalize the Voigt and Reuss approximation by demanding the homogen- 
eity of some combinations of the stress and strain fields 

Q + be = (0 i- be) = cons1 (1.1) 

From (1.1) there follows 

Q’ = -be’, e’ = -ad, ab = I (x’ ZE x - (x)) (1.2) 

i. e. the random stress and strain field components are interrelated by using some con- 
stant fourth rank tensor b or its inverse tensor a. Here 1 is the unit fourth rank tensor. 

A relationship analogous to (1.2) was proposed as a hypothesis [5, 61 for the evaluation 
of the effective elastic moduli of single-phase polycrystals of cubic symmetry. It was 
also used in fl] to construct a theory of plasticity of polycrystals. 

A relation between the multipoint correlation functions of the stress and strain fields 

<o’(ri) @ o’(rs)@ . . . @ o’(r,)) = (-l)“(be’(r,) @ bs’(r,) @ . . . @ be’(r,)) 

or between the single-point moments (1.3) 

([a’(rdC31”> = (-l)"(Ibe'(r,) @I”> (1.4) 

can be found within the scope of the approximation (1.2). Here and henceforth A @ B 
denotes the direct product whose rank equals the sum of the ranks of the factors, AB is 
the product in which convolution of the inner subscripts is made. The rank of such a pro- 
duct equals the difference between the ranks of the factors if the ranks of A and B do 

not agree, and the rank of one of the factors otherwise. Finally, A. I3 will denote the 
product with complete convolution of all the subscripts transforming two tensors of iden- 
tical rank into a scalar. 

Let us note that for laminar materials comprised of arbitrary anisotropic components, 
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the relationships (1.1) and (1.2) are satisfied exactly, as results from the conditions 

Hence biskl = 0 and a,prz = 0, i.e. some components of the tensor h vanish, while 

others become infinite. Here the .z3 -axis is directed orthogonally to the layers. If the 
material is of arbitrary structure, then (1.1) and (1.2) are satisfied only approximately. 

For a granular medium which is a quasi-isotropic mixture of anisotropic or isotropic 
components in a singular approximation,(l.l) and (1.2) are satisfied and the tensor b 
is [8] 

b” = 3bKcV + 2b,‘D, v+-DZI, 3bKC = 4p, (1.6) 

where V and D are the volume and deviator components of the unit tensor 1, and the 

subscript c denotes that these quantities refer to a homogeneous comparison body which 
is isotropic for untextured granular media. The evaluation of the elasticity constants of 

the comparison body according to the known elasticity constants of the components can 
be performed by the method proposed in [9], say, 

For fibrous materials we find analogously 

1 1 
aI1 i- aI2 = ‘z_ a44 = 2p, , 

1 3K, +ip, 
2 (all- %2) = @a = K SK 0.7) 

E C 
_+tL 

aI3 = aa3 1= 0 

Therefore, (1.1) and (1.2) are satisfied in the singular approximation for both granular 
and fibrous structures. 

2. Relations between the stress and strain correlation functions can be calculated by 
using (1.3) in the known tensors a and b . If the tensor b is given by (1.6), then the 
binary stress and strain correlation functions are of the form 

The relationship (2.1) can be considered as a parametric form of the relation between 
the functions Sijlc, and Eijlrl. 

We hence find for the root-mean-square fluctuations of the volume and shear stresses 
and strains 

G+ = 3bKCE*, s* = 2bpre, (2.3) 

G,c3S+V, E,~G~E-V, .Y*~=D-S, ee2zD.E (2.4) 

It is seen that the relationships 6, - E* and s* - e, are outwardly analogous to the 
Hooke’s law for the volume and deviator components of the stresses and strains. Tbere- 
fore, independence of the volume and shear fluctuations of the stress and strain fields 
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holds for a granular medium in the singular approximation. 

3. With the limits of an inhomogeneity element the elastic field is considered homo- 
geneous in the singular approximation. Hence, it is impossible to describe such forms 
of grain deformation as flexure and twist in the singular approximation. In this connec- 

tion, it is interesting to turn to the correlation approximation which possesses the advan- 
tage that field homogeneity within a given grain is not assumed here although it indeed 

results in a wider bracket for effective elastic moduli. 
The correlation approximation has been used to evaluate the connection between the 

root-mean-square fluctuations of the stress and strain fields for isotropic macro-deform- 

ations in [lo]. The general case applied to composites from isotropic phases has been 
examined in [ll]. 

The appropriate computation for multiphase polycrystals is presented below in the 
correlation approximation. The coordinate and tensor dependences of the correlation 

functions of the elastic fields do not separate in this approximation. 
Performing the calculation analogously to that done earlier in l-111, we obtain 

Here the quantities DG,, are given by (2.2), and the commutation operator Qklij and 
the tensor Jij... are determined in pl]. For r = 0 the expressions (3.1) yield the 

central second order moments of the strain and stress tensors. The corresponding expres- 

sions can be represented as 

The summation in (3.5) is over all distinct commutations of the subscripts, i. e. the quan- 

tity A& contains six terms. The square brackets denote the operation of symmetriza- 
tion over subscript pairs. The volume and deviator convolutions of the central second 
order moments can be found from (3.3) and (3.4). Introducing the functions u,, se, E* 

and e, by using (2.4), we obtain 

15&2&*2 = (1 - X)2‘\ 

45pC2e, 2 = 2 (1 - x)~‘\ +- 3/z (3D&,, - D&x1,) 
150,~ = (4x - 1)2h + 5(5 - 8x)D;wc 

45s*3= S(1 - x)~A f (8x + I)(3D;,,,I - D;,,,) 

(3.6) 

It follows from (3.6) that each of the four desired quantities is expressed in terms of the 
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two convolutions D&,, and D&,,,, . Eliminating them, we find the connection between 
the stresses and strains 

CT* 2 = 4pc2 p/:, (11 - 8x) .sg2 + (8x - 5) .qc21 (3.7) 

a* 2 = 4/9 pL,s I(5 - 8x) e*2 + 3/Z (8x + 1) e*21 

According to (1.2), the volume and shear components of the stress and strain field 
fluctuations should be independent. It is seen from (3.7) that the independence noted 
will hold only upon compliance with the condition 3K, = 4~,, i.e. for x = 5/8. 

In this particular case 

The equalities (3.8) agree with (2.3) since bKC z 4/3 pL, according to (1.6), and 

b,” = pc for x. = s/a . 
Therefore,& 1) and (1.2) are only satisfied for K, = 4/s p, in the correlation ap- 

proximation., For an arbitrary relationship between the volume of shear moduli of the 

material, the fluctuation in the volume component of the stress field is expressed not 
only in terms of the volume strain fluctuations but also in terms of the shear strain fluc- 
tuations, and conversely. 

Comparing the correlation and singular approximations, we note that the effective 
elastic moduli evaluated by using the singular approximation turn out to be nearer to 
the exact value than those computed by using the correlation approximation. On the 
other hand, as has already been noted, the singular approximation possesses the disadvan- 
tage that it does not permit computation of the grain rotations. 

In fact, the correlation tensor of the angle of grain rotation is defined by the expression 

'ij = -"4eipq'jrsUpr,qs. 

In a singular approximation the distortion tensor is [8] 

‘Q,j = “t,j + Gih.,j[*hk,p,lepq 

Here ui,$ is the distortion tensor of the comparison field, ~~~ is the Green’s tensor 
of the equilibrium equation, and eipq is the unit antisymmetric Levi-Civita tensor. 

In the singular approximation we have [3] 

cp, il = - -1, 
3P [ 'i,i*ej - +6ijki]6 (r) 

Hence, it is seen that convolution of the tensor G& jl with the tensor hL:poe~4 which 

is symmetric relative to the subscripts kl will yield a tensor symmetric in the subscripts 
ii. Therefore, the vector of the angles of rotation mi = - ‘1% eijkuj,k can be different 
from zero only because of the comparison field ui,j which is always regular. Hence, 
the central moment function of the angle of rotation vector Qij vanishes. At the same 

time ~ij # 0 in the correlation approximation, with the exception of purely volume 
macro-deformation when <eij) = l/a <e>6ij. 

Upon using higher approximations of the theory of random functions, the quantity b 
in (1.1) and (1.2) is no longer a constant tensor, and becomes a matrix integral operator 
whose multiplicity is defined by the approximation used. In this case the approximation 
of homogeneity of a certain combination of the stress and strain fields is evidently mean- 
ingless. 
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EQUATIONS 

It is shown that no generalized coordinates exist in which the total integral of the Ham- 
ilton-Jacobi equation for a restricted circular,three-body problem can be represented in 
the form of a finite sum of the functions each of which depends on a single generalized 
coordinate. 

The Hamilton-Jacobi equation for a restricted plane circular, three-body problem in 

elliptical variables u, c has the form [I] 


